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Abstract. The present knowledge of the antinucleons elastic scattering and annihilation processes in matter at

low energies is limited to a few nuclei data in a small phase-space. Optical potential models are useful tools
for modelling nuclear strong interaction of antinucleons with matter providing predictions at very low energies
where data are missing. New calculations of elastic and annihilation cross sections for antiproton with nuclei
using an optical potential of Woods-Saxon (WS) shape are presented. Preliminary predictions at low energies
for carbon and calcium show clearly-measurable nuclear effects for nuclear elastic cross sections at large angles
and momenta greater than 50 MeV/c. Some discrepancies in annihilation cross section comparing predictions
and data are present using the same fitting parameters.

1 Introduction
During the 1980s and 1990s, experiments at Low Energy Antiproton Ring (LEAR) explored antinucleons annihilation and elastic scattering processes at low energy
(E < 50 MeV) with different nuclei [1–16]. More recently, annihilation cross section with antiprotons of momentum p = 100 MeV/c (correponding to kinetic energy
of E = 5.3 MeV) were measured by the ASACUSA collaboration [17–21] at the Antiproton Decelerator (AD) facility. In addition, other very low-energy measurements
(E = 125 keV) were performed by the same collaboration
on some nuclei, obtaining upper and lower limits of the
values of annihilation cross sections [22]. The knowledge
of the antinucleons-nucleus interaction at low energies is
of interest for nuclear physics studies, in particular for the
search of nuclear resonance and the determination of potential parameters. Futhermore, annihilation cross sections
can also provide useful information about possible signals of antimatter presence in the Universe in the frame of
some cosmological hypotheses [23, 24]. The knowledge
of annihilation processes at low energies is also useful to
study low-energy antiprotons from extra-atmospheric cosmic rays [25, 26] and also for medical physics applications
[27–29]. Predictions at low energy can be used to design
new experiments with enough sensitivity to study nuclear
interaction effects and to observe other possible exotic processes.
In the present work, a six free-parameters WoodsSaxon (6pWS) optical potential has been chosen to model
the strong interaction at low energies for the study of antiproton interaction with nuclei. With this optical potential, we are able to determine the parameters of the differential cross section for elastic scattering process of an∗ e-mail: s.migliorati016@unibs.it

tiprotons with three nuclei of increasing mass: carbon-12
(12 C), calcium-40 (40 Ca) and lead-208 (208 Pb). We validate the model by comparing the annihilation cross sections, calculated with the obtained parameters, with the
available data at low and intermediate momenta (p =
50–900 MeV/c). After this validation, we use the model
to evaluate the elastic scattering differential cross sections
at low momenta (with p = 15–100 MeV/c) considering in
particular large angles (i.e. θ > 90°).
The discussion is organized as follow. In Section 2, a
brief review about optical potentials and partial wave expansion formalism is given; moreover, the choice of our
model is presented and the fitting methods are briefly described. In Section 3, we present the main results of our
analysis and a discussion about low-energy predictions of
annihilation cross sections and on differential elastic scattering cross sections at large angles. In Section 4, a summary and possible future developments of the present analysis conclude the discussion.

2 Methods
To describe nuclear phenomena, a function for the nuclear
strong potential generated by the target nucleus is defined.
This potential depends on some parameters that describe
its shape and on kinetics variables of both target and projectile. Strong potential of the system is usually modelled
as a complex optical potential:
Vopt (r, k) = − [U(r, k) + iW(r, k)]

(1)

where r is the radial position with respect to the center of
the (spherical) nucleus and k = p/ is the wave number
of the projectile with momentum p in the lab frame. The
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real part of the potential accounts for nuclear elastic scattering processes, while the imaginary part represents inelastic processes. These inelastic processes, at low energy,
are dominated by annihilation and charge exchange. Other
processes (e.g. knockout reactions) contribute in minor
percentage to the reaction cross section. From now on we
will refer to reaction cross sections at low energy as annihilation cross sections, also above the threshold for which
the charge exchange start to contribute, i.e. E ∼ 5 MeV.
The shape of the optical potential can vary, depending on
the used model. In such models, it is important to describe
appropriately the surface of the nucleus. In fact, if the
potential shape is step-like (e.g. square-well) the annihilation cross section results underestimated [30]. A WoodsSaxon (WS) function is frequently used to accomplish the
requirement of “smoothed” surface. The 2-parameter WS
(2pWS) function is defined by:




r − r0
FWS (r | r0 , a0 ) = 1 + exp
a0

−1

wave (along the z-axis) and the direction of the outgoing
wave. This scattering amplitude is the sum of contributions from many partial-waves with different angular momentum quantum number l. The general expression for f
is:
lmax
1 
(2l + 1)(S̄ l − 1)Pl (cos θ)
(7)
f (θ, k) =
2ik l=0

where S̄ l is a function of l that contains the phase shift
produced by the interaction under analysis. In principle, lmax → ∞; however, for low energy projectiles and
medium-light nuclei targets, only a limited number of
partial-wave significantly contributes to the calculation.
Considering both Coulomb and nuclear strong interactions
acting in the processes, we define a total scattering amplitude:
ftot (θ, k) = fC (θ, k) + fN (θ, k)
(8)
fC (θ, k) =

(2)

where r0 is the nuclear radius, and a0 is the diffuseness of
the potential (the nuclear “surface thickness”). Therefore,
the optical potential can be written as:
Vopt (r) = −[U0 (k) FWS (r | r0,U , a0,U )
+ iW0 (k) FWS (r | r0,W , a0,W )]

fN (θ, k) =

(3)

The optical potential is then used in a differential equation which describes the system under analysis. In this
case, the system is a projectile particle which collides with
a nucleus target. To describe low-energy particles, a nonrelativistic Schrödinger equation is a good approximation.
Therefore, the projectile-target system is described by the
following equation:

 2
 2
(4)
∇ − VC (r) − Vopt (r) ψ(r) = 0
2µ

dσel
= | ftot (θ)|2 =
dΩ
 l
2
max

1 
2iσl


(2l
+
1)(e
S
−
1)P
(cos
θ)
l
l

2
4k 

σel (k) =

(11)

lmax
π 
(2l + 1)(1 − |S l |2 )
k2 l=0

(12)

(13)

where dσel /dΩ is the differential elastic cross section and
σan is the annihilation cross section. The function fN is
calculated using a Fortran code derived from THREEDEE by
Chant and Roos [31], which solves the Schrödinger equation in presence of the Coulomb potential and the 6pWS
optical potential to model the strong interaction. The code
calculations are up to l = lmax = 120. The differential elastic cross section and the other quantities are then computed
for a specific momentum and angle.
Using this code, we fit to differential nuclear elastic
cross section data minimizing a standard-χ2 . The parameters to be calculated are the six ones of the optical potential
(real and imaginary parts) of Eqn 3. Standard algorithms
of ROOT packages (e.g., TMinuit library) [32] were used

Zt and Z p are respectively the target and projectile charge
in unit of elementary charge, e (in the antiproton case Z p =
−1) and RC is the Coulomb radius that we assume to be
RC = 1.25 A1/3 fm where A is the mass of the nucleus1 .
The equation is solved in partial-waves formalism, where
the solution has the form:
(6)

with f the scattering amplitude of the outgoing wave
and θ the angle between the direction of the incoming
1A

lmax

2
π 
(2l + 1) e2iσl S l − 1
2
k l=0

σan (k) =

C

eikr
f (θ, k)
r

(10)

l=0

where VC is the Coulomb potential of the projectile-target
system:



Zr Z p e2

r2


 2RC 3 − RC2 , r ≤ RC
VC (r) = 
(5)
2


 Zr Z p e ,
r>R .

ψ(r, θ) ∝ eikz +

lmax
1 
(2l + 1)e2iσl (S l − 1)Pl (cos θ).
2ik l=0

(9)

fC is the Coulomb-only scattering amplitude, assuming
a point-like target-charge; fN is the nuclear scattering
amplitude, which include the influence of the Coulomb


interaction of the nucleus; σl = arg Γ (1 + l + iη) is
the Coulomb phase shift, where Γ is the Euler gamma
function, η = Zt e2 µ/p is the Sommerfeld parameter, with
µ the reduced mass of the projectile-target system. S l is
the nuclear factor which contains quantitative information
about the interaction. The cross sections relate to ftot and
S l by:

where U0 and W0 are the strengths of the real and imaginary parts of the potential.

r

lmax
1 
(2l + 1)(e2iσl − 1)Pl (cos θ)
2ik l=0

is expressed in atomic mass unit (amu).
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to find the minimum of the χ2 . We also estimate the 95%
Confidence Interval (CI) band of the best fit lines, using:

p+12C (elastic scattering)

103

CI95% = tNDF − 1, 0.95 δX,th

6pWS +95% CI

(14)

Exp. data

102
dσ/d Ω (mb/sr)

where NDF are the number of degrees of freedom – number of data used for the fit minus the number of freeparameters –, t is the t-Student quantile and δX,th is the
error estimation of the theoretical differential cross-section
X (th) via error propagation.

10

1

10− 1

3 Results and discussion

10− 2

We fit our model to differential elastic cross section data of
three different nuclei with increasing mass: 12 C, 40 Ca and
208
Pb. These data are from Garreta et al. (PS184 experiment at LEAR) [33] and Janouin et al. [34]. The results of
the fitting procedure can be found in Table 1.
We have assumed U0 (k) = U0 and W0 (k) = W0 . Also,
the function FWS (r) is reparametrized as:


−1
r − r0,x A1/3
FWS (r) = 1 + exp
a0,x

104

(15)

C
79.2 ± 0.7
50.8 ± 2
1.066 ± 0.002
1.26 ± 0.02
0.361 ± 0.004
0.465 ± 0.007
58.9/42 ≈ 1.4

40

Ca
28 ± 2
22 ± 3
1.34 ± 0.02
1.35 ± 0.02
0.38 ± 0.02
0.55 ± 0.03
95.6/38 ≈ 2.5

30

40

50

60
θ (deg)

p+40Ca (elastic scattering)
6pWS + 95% CI

103

dσ/d Ω (mb/sr)

Table 1. Best-fitting parameters of the 6pWS optical potential.
Data for fitting are from Ref. [33, 34]. Antiproton momenta for
the given targets are 608 MeV/c (12 C and 40 Ca) and 305 MeV/c
(208 Pb). Errors are estimated automatically by ROOT algorithms.
The reduced-χ2 of the fit, defined as χ̃2 = χ2 /NDF, is also
reported.
12

20

Figure 1. 12 C data at p = 608 MeV/c and best fit line with 6pWS
with the 95% confidence interval. The reported parameters are
from Table 1, while data are from Ref. [33].

where x = U, W.

Target
U0 (MeV)
W0 (MeV)
r0,U (fm)
r0,W (fm)
a0,U (fm)
a0,W (fm)
χ̃2

10

Exp. data

102

10

1

10− 1

10− 2

208

10
20
30
40
50
Pb
θ (deg)
4.0 ± 0.6
9±1
Figure 2. 40 Ca data at p = 608 MeV/c and best fit line with
1.40 ± 0.04 6pWS with the 95% confidence interval. The reported parame1.40 ± 0.02 ters are from Table 1, while data are from Ref. [33].
0.30 ± 0.05
0.50 ± 0.02
78/13 ≈ 6.0
12
C and 40 Ca targets. Some discrepancies are present in
208
Pb case at small angles. Furthermore, the fitting
the
From Table 1, a decreasing in values of U0 and W0 with
procedure gives different problems with the latter target,
the increasing of A can be noticed. However, it is very difsince the algorithms have difficulty to converge to a
ficult to find a precise relation between the two quantities
unique solution. Therefore, from now on, we will not
with such poor analysis. For 40 Ca and 208 Pb, r0,U = r0,W ,
consider 208 Pb in our analysis and we will reconsider it in
a common assumption in this kind of model (see for ex12
the
future with an improved fitting procedure.
ample Ref. [34]); on the contrary, for C this is not valid
(r0,U < r0,W ). We also let a0,U and a0,W as free-parameters,
obtaining for all nuclei a0,U > a0,W . The values of a0,x
The 6pWS model is then applied to the annihilation
are quite stable for increasing A, while r0,x slightly inprocess for 12 C and 40 Ca. We assume that the same paramcrease with A. Concerning the real and imaginary strengths
eters determined from elastic scattering process are valid
of the potential, with exception of the 208 Pb, we observe
also in this case. The annihilation cross sections in dependence of the antiproton momentum p is calculated usU0 > W0 in 12 C and 40 Ca. The interpretation of these reing Eqn. 13 with the parameters in Table 1. The results
sults at the moment is not completely clear and requires a
of such calculations for p from 50 MeV/c to 1000 MeV/c
deeper and more complete analysis.
can be found in Figures 4 and 5.
For the 12 C case,
We have also to clarify that important correlation values
we compare the results with data from different measureare found for some parameters pairs.
ment: the 100 MeV/c by the ASACUSA collaboration
In Figures 1, 2 and 3, we compare the best fit line
[18] and the measurements by Nakamura et al. [35] be- together with the 95% CI band estimation - with the
tween 450 MeV/c and 900 MeV/c. In addition, a compardata used for fitting. The agreement is satisfactory for

3

EPJ Web of Conferences 262, 01018 (2022)
EXA2021
10

6

10

5

10

4

10

3

10

2

https://doi.org/10.1051/epjconf/202226201018

6000

6pWS

Exp. data

5000

Exp. data
Black disk approx.

4000

3000

2000

10

1
5

1000

10

15

20

25

30

35

40

45

50
θ (deg)

0

Figure 3. 208 Pb data at p = 305 MeV/c and best fit line with
6pWS with the 95% confidence interval. The reported parameters are from Table 1, while data are from Ref. [33].
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Figure 4. 12 C annihilation cross section calculations and data.
The parameters are from Table 1.

ison with two different models is done. The blue dashed
line is the fitting result of the optical potential proposed
by Lee and Wong where they include the dependence of
momentum for the real strength U0 (k) [36]. The red dotdashed line is the “black disk” approximation by Batty et
al. [37] considering the low-energy regime of the antiproton with the Coulomb focusing due to the charge of the
nucleus:


2mZt e2
σan (k) ≈ πR2 1 + 2
(16)
 kcm klab R

600

800

1000
p (MeV/c)

In Fig.s 6 and 7 for momenta greater than 50 MeV/c
the Coulomb (dashed lines) and total contribution (solid
lines) are clearly distinguishable at large angles. On the
contrary, for p < 50 MeV/c it is difficult to clearly see in
a measurement the nuclear contributions from the Rutherford ones. These observations are valid for both 12 C and
40
Ca targets, as can be seen in the figures mentioned above.
The 6pWS model, with the parameters obtained by the
fitting, therefore suggests the possibility to see nuclear effects in elastic scattering measurement for p > 50 MeV/c
and at large angles. Under this momentum (and for angles
smaller than 90°), it seems to be very difficult to measure
such contributions. Similar results for the angular distribution at low energy were found by Protasov et al. [38]
for the 12 C case using a different parametrization of the
optical potential.
As shown in Fig. 8, in their case (solid blue line) nuclear effects at 50 MeV/c are more accentuated than in our

where R = (1.840 + 1.120 A1/3 ) fm and m is the antiproton
mass. kcm = pcm / is the center-of-mass frame wave number2 and klab = p/ is the lab-frame wave number.

2 The center-of-mass momentum p
cm can be calculated using the relativistic formula:

 1
1 
pcm = √ s − (m p̄ − mA )2 s − (m p̄ + mA )2 2
2 s
µ

400

The 6pWS model results are in agreement with the available carbon-12 data within 2-3 standard-deviation. This is
quite satisfying especially considering that our parameters
are determined from the fitting to elastic scattering data
and not to annihilation data. The behaviour of the curve
and the distance from experimental data are quite good,
considering the assumptions.
The 40 Ca case is more difficult to analyse, due to the
scarcity of annihilation cross sections data. The only one
shown in Fig. 5 is from Garreta et al. [33], at p =
608 MeV/c. The single datum of 40 Ca is one standarddeviation within the black disk approximation and about 4
standard-deviations within our 6pWS prediction.
Both in the 12 C and 40 Ca analyses, our predictions
underestimate the experimental values. Nevertheless,
the calculated values are in quite good agreement with
available data, reproducing also quite well the behaviour
in dependence of the momentum. Therefore, our obtained
parameters are enough reliable to use them to make
predictions in low-energy regime for differential elastic
cross sections.

1600

200
0

200

Figure 5. 40 Ca annihilation cross section calculation and data.
The parameters are from Table 1.

p+12C (annihilation)
6pWS
Lee & Wong model
Exp. data
Black disk approx.

2200

σan (mb)

p+40Ca (annihilation)

6pWS + 95% CI

σan (mb)

dσ/d Ω (mb/sr)

p+208Pb (elastic scattering)

µ

where s = (p p̄ + pA )2 (the first Mandelstam variable), and m p̄ , mA are the
antiproton and nucleus masses.
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Figure 6. 12 C differential elastic cross section in low momentum
regime, from 15 MeV/c to 100 MeV/c. In dashed line the correspondent Coulomb cross sections is shown. The parameters are
taken from Table 1.
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Figure 8. 12 C differential elastic cross section at p = 50 MeV/c.
In solid black line, our model; in solid blue line the calculation
by Protasov et al. [39] The dashed green line is the Rutherford
scattering cross section.

p+40Ca (elastic scattering)

1010

100 MeV/c

109

50 MeV/c

8

25 MeV/c

10

tal errors), considering the free-parameters of the model
are obtained from different types of data, some discrepancies are present. Then, we use the obtained parameters to predict the differential elastic cross sections at low
momenta (p < 100 MeV/c), focusing on large-angles behaviour. Nuclear effects seems to be observable for momentum greater than 50 MeV/c, while under this value
Coulomb contribution begins to hide the nuclear contribution. In our knowledge, no such predictions at low energy
exists in literature (a part from the very recent work by
Protasov et al. [38]) and also measurements of this kind
do not exist, in particular at large angles.
Some improvements are necessary to our model. A
Lee and Wong approach, introducing dependences on antiproton momentum, is a possible path to follow. Moreover, some other terms can be introduced in the potential, e.g. an absorption surface term proportional to
dFWS (r)/dr. Also, we have to consider other possible
parametrizations of the optical potential more suitable for
our purpose, like the one proposed by Batty, Friedman
and Gal [40]. Other future developments of this analysis can include better evaluation of uncertainties and correlations of the parameters, and the use of more efficient
algorithms. These improvements on antiproton analysis
are useful to design antiproton experiments at low energy,
e.g. at ELENA (Extra Low ENergy Antiproton) ring [41]
at AD and at FLAIR (Facility for Low-energy Antiproton and Ion Research) at GSI [42, 43]. Finally, a fundamental step will be to include the present calculations
and analysis for antineutrons. The extension of our analysis to antineutrons scattering can be useful to dispel some
incongruities highlighted by Friedman [44]. Moreover,
the determination of the scattering length of the antineutron is a necessary step to design experiments (e.g., for
neutron-antineutron oscillation [38, 39, 45]). Further measurements of annihilation – in particular between 100 and
450 MeV/c – and nuclear elastic scattering cross sections
at low energies (p > 50 MeV/c) and large angles (θ > 90°)

15 MeV/c

107
dσ/d Ω (mb/sr)

20

106
105
104
103
102
10
1

10− 1
10− 2
0

20

40

60

80

100

120

140

160

180
θ (deg)

Figure 7. 40 Ca differential elastic cross section in low momentum regime, from 15 MeV/c to 100 MeV/c. In dashed line the
correspondent Coulomb cross sections is shown. The parameters
are taken from Table 1.

calculations (solid black line), resulting in a lower limit
estimation for measurements (p > 20 MeV/c). This discrepancy between our model and theirs is complicate to be
understood. One possible explanation could be the different parametrization of the potential and the different kind
of parameters used. However, both the behaviour of the
curve and the position of the minimum around 145 MeV/c
are very similar in the two predictions.

4 Summary and future developments
A six free-parameter Woods-Saxon (6pWS) optical potential is fitted to differential elastic scattering cross section
data available for antiproton projectiles on medium-light
(12 C, 40 Ca) and heavy (208 Pb) nuclei at intermediate energy. We validate these results comparing the annihilation cross section measurements with the calculations of
our model, confirming a satisfying agreement with available data. The agreement is quite good (2-4 experimen-
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could be useful to improve phenomenological models for
nuclear strong interactions. Facilities which could provide in future such experimental conditions are ELENA
and FLAIR.

[15]
[16]
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